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Total Pressure Averaging by
Small-Diameter Tubes in Pulsating Flows

Zbyszko Kazimierski* and Longin Horodkot
Technical University of Lodz, Lodz, Poland

The problem of the time-averaged pressure of pulsating flow is the subject of this paper. The averaged
pressure occurring at the end of the total pressure tube system does not represent the true averaged pressure at
the probe inlet. The pulsating flow with significant amplitudes of the total pressure, regarded as being parallel
to the total pressure probe axis, is considered. The calculation of the time-averaged pressure inside the total
pressure probe is based on the method proposed earlier by the first author. In order to enlarge a practical
meaning of the method, it was supplemented with the procedure introducing the entrance effects of the gas
motion inside the tube. These effects cause a conversion of a part of the external-stream kinetic energy intc an
additional total pressure rise in the entrance segment of the tube. The semiempirical method for the quantitative
assessment of these effects has been proposed. The available experimental results were compared with those
obtained from the theoretical calculations, and a good agreement has been noticed. The pressure correction
functions vs frequency were well predicted for all cases under consideration.

Nomenclature
= mean sound velocity at the tube inlet, m/s
= relative inlet total pressure difference, Eq. (23)
= imaginary unit, =+ — 1
nondimensional parameter, Eq. (11)
number of harmonic, k =1,2. ..
tube length, m
pressure, N/m?
Prandtl number, Eq. (10)
= true time-averaged pressure, N/m?
= nondimensional pressure or pressure perturbations,
related to P,
= internal tube radius, m
shear wave number, Eq. (11)
time, §
nondimensional components of velocity, related to a,
external stream velocity, m/s, Eq. (19)
inlet pressure wave coefficient, Eq. (23)
pressure amplitude or pressure rise, N/m?
small parameter, Eq. (2)
isentropic expansion index
= viscosity, kg/ms
nondimensional axial coordinate, related to L
nondimensional density, related to p,
mean density at the tube inlet, kg/m?
nondimensional time, = Qf
frequency, rad/s
= nondimensional frequency, Eq. (11)
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Subscripts (before comma)
1 = first-order perturbations
lc = real part of 1z

1s = imaginary part of 1z
1z = first-order complex amplitude
20 = second-order time-averaged perturbation or amplitude
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Subscript (after comma or single)

J = number of consecutive tube segment
Superscripts
k = number of harmonic

RA = averaged across the tube

Introduction

COMMON method of measuring the time-dependent

pressure is to use special high-frequency miniature pres-
sure transducers. The pulsating pressure is directly sensed by
the transducer located in the measurement point. In aerody-
namic practice, however, this kind of pressure-measuring
device is only a part of the pressure-measuring equipment.
Unsteady pressures are very often measured by pneumatic
probes connected with transducer faces by means of compara-
tively long bores or tubes of small diameter.

The relation between the time-dependent pressure at the
probe inlet and at the transducer face depends on the charac-
teristics of the pressure-wave propagation through the connec-
tion tubes. Determination of the time-averaged pressure is also
an essential problem to be solved, especially when the relative
amplitude of the pulsating pressure at the tube inlet is signifi-
cant.

If the probe entrance were not influenced by the external gas
stream, the time-averaged pressure at this place would be P,
which is called the true time-averaged pressure at the measure-
ment point. It is well known that the steady pressure occurring
at the end of the transmission line does not represent the true
time-averaged pressure at the probe port.!-> When the external
stream velocity amplitude (Mach number) at the probe inlet is
small, total pressure differences may be caused only by signif-
icant flow direction variations. Such a problem was presented
in Ref. 5. The subject of this paper is different. The averaged
pressure differences are caused by significant amplitudes of
the total pressure at the probe inlet at high subsonic velocity of
the external gas stream. The external gas stream is directed
parallel to the measuring tube axis, and the angle of the stream
variations is very small. The examples discussed in this paper
refer to the total pressure-measuring system investigation in
the experimental work by Krause et al.?
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The comparison between theoretical results obtained using
the method proposed here and experiments reported in Ref. 3
shows that the differences between the steady pressure at the
end of the transmission line and the true time-averaged pres-
sure at the measurement point can be composed of two parts.

The first one is due to the laminar oscillating gas motion
effects inside the small-diameter long tube according to the
model described in Ref. 1. The second part is due to the en-
trance effects. These effects are connected with the following:
1) the flow in the entrance segment of the tube (the entrance
segment effect) with developing, unsteady, probably turbulent
boundary layers, which differs significantly from the model
proposed in Ref. 1. The entrance segment phenomena may
take place at both sides of the first tube if it is connected to the
second tube of a larger diameter, and 2) the interaction be-
tween the oscillating gas inside the tube at its inlet and the
external pulsating gas stream flowing toward the probe tip (the
entrance interaction effect).

It has been realized that the entrance effects lead to a pres-
sure rise with respect to P, at the tube inlet.

An example of the entrance interaction has been introduced
by Tijdeman® for a static pressure-measuring system. In the
case discussed in Ref. 6, the oscillating airstream leaving the
tube has to displace an external steady gas stream blowing
across the static pressure tube entrance. This leads to an addi-
tional oscillatory pressure at the probe entrance determined
semiempirically in Ref. 6.

The entrance phenomena occurring in the total pressure
measuring system discussed here are more complicated than
that described in Ref. 6. A more detailed explanation of the
phenomena mentioned in points 1 and 2 above will be given
below. It may be expected that for a very long, strongly damp-
ing tube, the contribution of the entrance effects to the time-
averaged pressure at the tube end will be negligibly small. This
will be confirmed in the fourth section of the paper.

Calculation Method

The method is based on the model described in Ref. 1 for the
flow inside long tubes of small diameter. The entrance effects,
which often play a very important role in total pressure mea-
suring systems, will be introduced into the calculation proce-
dure as the inlet boundary condition for time-averaged pres-
sure.

The following assumptions are made following Ref. 1:
1) The tube radius R; is very small compared with its length L;.
2) The gas is viscous and heat-conducting.
3) The gas motion is unsteady, laminar, and axisymmetrical.
4) The pressure and temperature amplitudes are small with
respect to their mean values.
5) The parameters y, A, C,, C, are constant.
6) The tube wall is isothermal with the temperature Tj. (The
last two assumptions will be changed when a hot gas and
cooled transducer are considered.)
7) The gas temperature in the transducer volume V at the tube
end is constant and equal to Ty,

The inlet pressure wave (not disturbed by the entrance inter-
action) is different from that assumed in Ref. 1 and is pre-
sented as the Fourier series:

P,(0,6) = Py + Re[ f} AP{‘Z,I(O)e”‘“} )
k=1

The small parameter of the used perturbation method is
defined as

€= ‘APllz,l(O)l/Po (2)

Introducing Eq. (2) into Eq. (1) and relating Eq. (1) to the
true time-averaged pressure P,, one obtains the nondimen-
sional form of Eq. (1):

Pi(0) =1+ eRe[ f:pl"z,l(O)e"’"} (€))

k=1
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The nondimensional components of the first-order complex
pressure perturbation amplitudes pf; ;(0) at the tube inlet are
described by the formula

piz1(0) = AP 1(0)/ | AP/, (0)| @

Usually five to ten harmonics are used in Eq. (3) for presen-
tation of the inlet pressure wave shape.

Following Ref. 1, the boundary-layer equations and the per-
turbation method with the small parameter e defined in Eq. (2)
are used to find the solution of the problem.

The higher harmonics appearing in this expansion are intro-
duced by assuming that the boundary-layer approach (used in
Ref. 1) remains a valid approach to the problem.

This approach can be used if the boundary-layer thickness §
is much smaller than the wavelength f. The nondimensional
frequency w}‘ (Ref. 1) defines the relation between the tube
length L; and the wavelength &f = L;/w¥. For w = 0(1), it was
estimated in Ref. 1 that 8} /¢ = O(R;/L;). Generally,

§=0(R)
and so

References 7 and 8 show that at high frequencies the
boundary-layer thickness in the tube is proportional to
R-/\/Ef . It occurs for the shear wave number [see Eq. (11)]
s-"’ >20. In this case, Eq. (5) is changed to the form

RNWF/L; <1 (6)

The criteria given above have to be satisfied for all harmon-
ics appearing in the calculations.

First-order Perturbations

The solution of the first-order perturbation equations
derived in Ref. 1 for the inlet impulse given by Eq. (3) can be
presented as the following Fourier series for the pressure

pjEn) = Re[ f} Pl"z,j(é)e"’"] M
k=1

and similarly for the velocities u, ;, v, ;, density p, ;, and the
temperature T, ;.

The harmonic components of the series expressed by Eq. (7)
can be written based on the results described in Ref. 7. The
complex amplitude of the first-order pressure perturbation is,
for example,

plj(§) = Gfje T =D 1 BY; e ~THE ®
where
= wk[ﬂff_) L] V2 o
2.J J 72(f3/2sf) nzk,j

10

n£j=|:1+

The nondimensional parameters defining the problem are
QL;

P'O(Rj)2 k
==l Wt =k
oL, T e

The expressions for the complex amplitudes of the velocity
perturbations ul"z, s vl"z, j» the density and the temperature per-
turbations pf, ;, 7% ;, may be found in Refs. 7 and 9.

The complex constants G£;, Bf; are calculated from the
boundary conditions for pressure specified in Refs. 7 and 9.

k=1 7(¥2skNPry | 7!
k1o, %sFVPr)

k
sf = (kK;f)'2, K;

an
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Time-averaged Pressure Perturbations

It can be proved that the second-order time-averaged pres-
sure perturbation introduced in Ref. 1 may be generalized for
the inlet pressure impulse given by Eq. (3) as

o - 1 [1——
P =Y ph,® =Y (165 {I? E (of ; - ufjyn dn
=1 1 j Jo

k=

1
+ K§ [05}‘(2,17) - ¢,’-‘(£,1)]n dn} dg + Djk> (12)

0

where Df are constants of the integration and

1 T L;\ &V
df(Em) = j; [%S(uﬁj -uf;)m dn] dy +1—é S(ul",,- “vf;) dn

a3

The overbars used in Eqs. (12) and (13) denote the time-av-
eraged values of the products enclosed in the parentheses.
These terms are calculated as

oo

k
(ot - ube; + ofsj - uk ) (14)
=1

od 1
Y G -ut) = 3

k=1 k
-

and similarly for the other products in Egs. (12) and (13).
The components p, ; of the series (12) can be calculated
according to the formula

p5.() = Hf (&) + Df 1s)

N
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Fig. 1 Schematics of the test rig, tube systems, and inlet waveform
of applied pressure.
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where

dpt i (®|?

. YBE
o YB

Hf®) = pl,®1 - YAf +

+ FPX() - YCF

The expressions for YAF, YBF, YC}, and FPf(£) come
from Egs. (12) and (13) and are given in Ref. 9.

The constants D}‘ (for a given harmonic & and for given tube
segment j = 1,2 ... n) are calculated using boundary condi-
tions for given time-averaged pressures at the tube inlet and at
all consecutive tube connections.

At the tube inlet

Df = p},1(0) — H(0) 16)

For each connection of the consecutive tubes, the equality of
pressure leads to the following conditions:

P (1) = pk ;4 1(0) for J=123...n (17)

hence, Df, | can be calculated as
D}, 1= Hf (1) — Hf, 1(0) + Df (18)

and the computation of the time-averaged pressure perturba-
tions for each tube segment is completed.

The time-averaged pressure at the tube inlet p,y,(0) [Eq.
(16)] would be equal to zero if no second-order entrance effects
were present at the tube entrance.

If the entrance effects (proportional to €2) are present at the
tube inlet, py,1(0) is not equal to zero, and the procedure of its
determination is formulated in the next section of this paper.

Entrance Effects

The time-averaged total pressure recorded experimentally in
Ref. 3 will be the subject of the theoretical calculations per-
formed in this paper. The total pressure tubes used in the
experiments described in Ref. 3 were located downstream of a
nonsteady flow generator simulating turbomachinery flow
conditions. The scheme of the generator, probes, and the total
pressure inlet wave shape are shown in Fig. 1. The generator
consists of a rotating wheel containing 20 nozzles of 8.2-mm
exit diameter placed around a 70-mm-diam circle. The inlets of
the total pressure tubes were placed about 2 diameters aft of
the rotating wheel face.

The influence of the crossflow caused by the generator wheel
rotation is neglected, because the crossflow velocity is very
small compared to the velocity of the gas stream coming from
the nozzles.

If p2,1(0) = 0 is introduced into the time-averaged pressure
calculations, then the typical results obtained for Py (1),
when K = 10, are shown in Fig. 7 by means of the dashed line.
The experimental data taken from Ref. 3 are represented in the
same figure by small crosses.

The theoretical curve deviates significantly from the experi-
mental data. It can be explained that the differences between
these two curves are caused by the entrance effects, which
cause the time-averaged pressure to rise in the region of the
entrance segment of the tube. For low values of K, (long,
strongly damping tubes), the entrance effects are very small
compared to the effects calculated according to Ref. 1, and
these differences between theory and experiment disappear
(see Fig. 4 for K| = 2.72).

The main reason for the entrance pressure rise is the charac-
ter of the flow in the entrance segment of the tube. The en-
trance flow may be described as composed of compressible,
nonsteady, developing, probably turbulent boundary layers
and an oscillating inviscid core flow. The energy conversion in
the entrance segment, which leads to the time-averaged pres-
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Fig. 2 External total pressure wave and internal velocity perturba-
tions at the tube inlet during one period of oscillations, IPD = 0.7,
8 =0.75, e = 0.2055, wl = 0.4I1

sure rise, is much more intensive than that predicted by the
flow model based on the perturbation method used in Ref. 1.
The entrance phenomena may take place at both sides of the
first tube of a smaller diameter (see Fig. 1).

Simplified numerica} simulation of the oscillating flow for-
mation mentioned above confirmed qualitatively that the
entrance effects cause a distinct rise of the time-averaged pres-
sure at the tube end.

Additionally, collisions between the internal gas stream peri-
odically leaving the tube opening and the main external stream
directed toward the probe inlet are the reason for the entrance
pressure rise. The diagrams of the time-dependent total pres-
sure of the external stream coming from the rotating nozzles
and the internal velocity perturbations at the tube entrance are
given in Fig. 2. The internal velocity perturbations uf{'(0,7)
(shown in Fig. 2) are calculated according to the model] based
on Ref. 1 and 7 and show only a qualitative illustration of the
entrance phenomena. The negative value of uf{’(O,'r) means
that the internal stream is directed outside of the tube entrance
(see Fig. 2). It has been stated that the abovementioned inter-
action causes a time-averaged pressure rise at the tube inlet
when K, >3, and the nondimensional frequency is compara-
tively low w} <2w.

The described entrance phenomena involve very compli-
cated unsteady, viscous, compressible flows. The global semi-
empirical description of these effects is proposed in this paper.
The effects of the entrance phenomena are introduced as the
time-averaged pressure rise at the tube entrance £, = 0 and are
represented by the inlet boundary condition p;g(0) in Eq. (16).

The entrance effects cause a part of the kinetic energy of the
main external gas stream to be converted into the time-aver-
aged pressure rise. The numerous estimations allow the as-
sumption that this pressure rise is proportional to the follow-
ing part of the main stream kinetic energy:

AP, (0) ~ S(eW)? (19)

where W is the maximum velocity of the external gas stream
corresponding to the isentropic expansion in the generator
nozzles.? Equation (19) shows that the pressure rise is treated
as a second-order effect proportional to e2. The energy conver-
sion takes place in the region of the flow where the thermody-
namic parameters of a gas are close to the stagnation parame-
ters and, therefore, p, is used in Eq. (19). Introducing the
proportionality coefficient Cy into Eq. (19) and relating the
equation to P,, the nondimensional relation can be derived:

APu.©) _ L. (WY
—————PO = e*Cyok 2, (20)
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Fig.3 Functions fi(Ky) and f2(w}) determining the coefficient Czg in
Egs. (21) and (22).

Taking into account that APy (0)/P, = €2p2,1(0), the en-
trance pressure rise is expressed in terms of its perturbation

2
Py (0) = czox(?> @)

o

The proportionality coefficient C,, has been determined
based on the experiments reported in Ref. 3. It was found that
Cy is a function of K; and the nondimensional frequency
i Cy(K;,w}) is expressed in very simple form as a product of
two functions of the separated arguments fi(K,) and Sr(wd):

CZO(Kl»wi) = filK1,) 'fz(w}) (22)

The functions f;(K,) and f5(w}) are plotted in Fig. 3.

The function f1(K;) has been determined using the experi-
mental results given in Ref. 3 for K; =2, 2.72, §, 7.73, 9.39,
10.02, 11.69, and 39.7, and so this function will need further
validation in the region of K;>15.

Results and Comparisons

The experimental results reported in Ref. 3 are the only
available data that may be used for comparisons with the
theoretical calculations performed here. The averaged total
pressure at the second tube end (Fig. 1) given in Ref. 3 is
defined as (Ping — Pyue)/ Pirve- This term, which may be called
the total pressure correction, is identical to e?py »(1). The com-
parisons with the experiments will be performed for the time-
averaged pressure perturbations p;g »(1). The small parameter
e is quoted for each investigated case in the figure captions, so
that the total pressure corrections can be easily determined.
The inlet total pressure profile (Fig. 1) is defined in Ref. 3 by
Pmax’ Pmirn and 6

The values of (Prax — Puin)/ Puin = IPD, and

B = (Po — Puin)/ (Pmax — Prin) 23)

are given for each case under consideration. The Py, is as-
sumed after Ref. 3 as equal to the ambient pressure. The inlet
total pressure wave shape duplicates that given in Ref. 3 as far
as possible, It should be noted that 8 only varies between 0.7
and 0.8.

The measuring system consists of two consecutive tubes
(Fig. 1). The first tube geometry is specified in Figs. 4-10. The
second tube is much larger than the first one and only plays the
role of a large volume in the tube system.

The results of the calculations with no entrance effects, i.e.,
for p,1(0) = 0, are plotted in Figs. 4-10 using dashed lines.
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The results with the entrance effects introduced are presented
by solid lines. The experimental data taken from Ref. 3 are
shown by small crosses connected by thin lines.

Figures 4 and 5 are devoted to the cases of long, strongly
damping tubes for which the entrance effects should play a
negligibly small role. The results given in Figs. 4 and 5 confirm
this expectation. The discrepancies observed for the first reso-
nant frequencies might be analyzed if more details were
known about the measuring test rig.

Figures 6-10 present the cases for which the entrance effects
have to be introduced into the calculation procedure. It can be
seen that the results of the calculations are in good agreement
with the experiment when py ;(0) is determined according to
the semiempirical relation given by Eq. (21). However, the
analysis of Fig. 8 suggests that the function f»(w!) probably has
a more complicated form and depends additionally on L,/2R,
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Fig. 4 Comparison with experiment Ref. 3 for R;=0.21 mm,
L1=0.4m, K; =2.72, IPOD =0.7, 8 =0.75, ¢ = 0.2055.
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Fig. 5 Comparisons with experiment Ref. 3 for the tube of L1 = 0.63
m filled with a bundle of fine wires, K; =~ 2.0, IPD = 0.68, 8 = 0.75,
e = 0.202.
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Fig. 6 Comparisons with experiment Ref. 3 for R;=0.21 mm,
L1=0.1m, Ky =11.69, IPD = 0.85, 8 =0.75, ¢ = 0.232.
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for low frequencies. This correlation would be possible if
more experimental data were available.

The results presented in Figs. 6~9 concern oscillating flows
inside the tube, which are laminar at a distance from the tube
inlet. In the region of the entrance segments the flows may be
turbulent, but this eventuality was included in the entrance
effect model. The results plotted in Fig. 10 refer to the turbu-
lent flow inside the whole tube in the presence of a resonant
frequency. The mean Reynolds number in the resonant fre-
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Fig. 7 Comparisons with experiment Ref. 3 for R;=0.21 mm,
Li=0.1m, K; =9.39, IPD =0.42, § =0.75, e = 0.135.
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Fig. 8 Comparisons with experiment Ref. 3 for R; =0.5 mm,
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Fig. 10 Comparisons with experiment Ref. 3 for Ry = 0.5 mm,
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quency bands are about 10*. The discrepancies between the
theory and experiments appearing in Fig. 10 for resonant
conditions are caused by the turbulence.

Figure 9 presents the comparison for the case of the lowest
values of the relative inlet total pressure difference
(Pmax — Puin)/ Pain = IPD = 0.11. The relative maximum ve-
locity at the tube inlet W/a, = 0.39. The maximum value of
the total pressure correction is lower than 0.002 for this case.
The entrance effects, proportional to (W/a,)?, are very small
as well. It can be estimated from Fig. 9 where entrance effects
are illustrated by the distance between the dashed and solid
lines.

Conclusions

The total time-averaged pressure corrections for the pres-
sure-measuring tube system are substantial when the ampli-
tudes of the pulsating total pressure at the probe inlet are
significant. The external gas stream is directed parallel to the
measuring tube axis and the angle of the stream variations is
very small. The analysis presented in this paper shows that the
total time-averaged pressure corrections may be neglected if
the relative inlet total pressure differences (Prax — Pmin)/
P, <0.2. It should be noted that this conclusion is valid only
when all conditions concerning the flow mentioned in this
paper are fulfilled.

The calculation method is based on the solution described in
Ref. 1. For long, strongly damping tubes (K; < 3), the theoret-
ical results of Ref. 1 reveal good agreement with the experi-
ments reported in Ref. 3 (see Figs. 4 and 5). For tubes with
reduced damping, the method had to be supplemented by a
procedure that accounts for the entrance effects. These effects
produce an pressure rise, which was introduced in the calcula-
tion method as the boundary condition. The comparisons with
experiment are satisfactory.

The results shown in Figs. 6-9 concern flows that are lami-
nar inside the tube at a distance from the inlet. In the entrance
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region, the flow is more complex, which is included in the
entrance effects model. The results shown in Fig. 10 refer to
the flow that is turbulent in the whole tube for the resonant
frequency bands [Re = 0(10%). The discrepancies shown in
Fig. 10 for the resonant regions are caused by the turbulence.

The investigations of the turbulent pulsating flows in tubes!®
show that the velocity profiles in turbulent and laminar pulsat-
ing flows show a flat inner core of essentially the same extent,
although the amplitude of the turbulent flow velocity is a little
lower [Re = 0(10%), S} = 70]. The experiment reported in Ref.
10 reveals, in addition, that the unsteady wall shear stress in
turbulent flow for S{ =70 is about 13% higher and for
S = 140 about 20% higher than in laminar flow, with no
phase shift. These facts explain the moderate discrepancies
between the theoretical and experimental results observed in
Fig. 10.

The results presented in Fig. 9 show that the time-averaged
pressure corrections are very small when the total pressure
amplitude at the tube inlet is moderate. However, for signifi-
cant amplitudes, the value of the maximum pressure correc-
tions ranged up to 6% (see Fig. 6).

Organ pipe resonances are very well predicted by the theo-
retical calculations. During resonances the pressure correc-
tions increase significantly. The resonance amplitudes could be
reduced by application of long, strongly damping tubes. How-
ever, the level of the time-averaged pressure correction rises
considerably in the inter-resonance regions for such tubes.
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